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Abstract. Formulae for the total cross section of electron–positron bremsstrahlung in the center-of-mass
system are given which are exact in lowest-order perturbation theory. The resulting photon spectra are
compared with those of electron–electron bremsstrahlung.

1 Introduction

Bremsstrahlung emission in the collision of electrons and
positrons is a fundamental radiation process of quantum
electrodynamics. In lowest-order perturbation theory the
process is described by eight Feynman diagrams, four of
them representing scattering graphs and four representing
virtual annihilation graphs [1]. Stimulated by experiments
with colliding electron–positron beams, most calculations
of the angular distribution and spectrum of electron–posi-
tron bremsstrahlung (EPB) were performed in the limit
of ultrarelativistic energies [1–7], where only two of the
eight Feynman diagrams contribute appreciably. In the
non-relativistic and mildly relativistic energy regime the
EPB process excited interest in the study of hot astro-
physical plasmas [8]. The EPB cross section differential in
photon energy and angles, exact in lowest-order perturba-
tion theory, was derived by Haug [9]. Since the formula
is expressed in terms of invariant products, it can be spe-
cialized to any frame of reference. The integration over
the photon angles can no more be performed generally.
However, in the center-of-mass system, which is realized
in experiments with colliding electron–positron beams, it
is possible to carry out analytically nearly all the inte-
grations over the photon angles. A further simplification
is reached near the low-energy end of the bremsstrahlung
spectrum by expanding the cross section formula into pow-
ers of the photon energy yielding an accurate expression
for the EPB cross section without any integrals. This may
be used to evaluate the bremsstrahlung energy loss of the
colliding particles.

In the following, relativistic units are used, i.e., all the
energies will be expressed in units of the electron rest en-
ergy mc2 and the momenta in units of mc, unless specified
otherwise. Then the relation between the particle energies
and momenta is ε2 = p2 + 1.
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2 Cross sections

Specializing the differential cross section of electron–posi-
tron bremsstrahlung (EPB) to the center-of-mass system,
most of the integrations over the photon angles can be
performed analytically. The result can be written as1
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where α ≈ 1/137 denotes the fine structure constant, r0 is
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may be done analytically. However, the result is rather lengthy
so that it is more convenient to perform the integrations nu-
merically together with the remaining terms
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The correctness of formula (1) was checked by comparing
the results with numerical integrations of the differential
cross section. Complete agreement was reached in the total
energy range.

The contribution to the cross section of the second
part of (1) containing the integral is decreasing with in-
creasing energies of the incoming particles. Therefore the
first six terms of dσ/dk represent a good approximation
at extremely relativistic energies except near the short-
wavelength limit k = kmax = p2/ε, and the accuracy of
the numerical integration needs not be very high.

It is useful to derive from (1) approximation formulae
for the low-energy end of the photon spectrum, k � kmax.
Expanding the cross section (1) into powers of k, it is
possible to evaluate the remaining integrals analytically.
Up to relative order (k/kmax)2 one gets
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and Li2(x) is the Euler dilogarithm,

Li2(x) = −
∫ x

0

ln |1 − t|
t

dt . (4)

For p2 � 1 the integral (3) can be expanded in terms of
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The approximation (2) is very accurate at small and
moderate photon energies. For k < 0.3(ε − 1) the relative
error never exceeds 0.3%. At low kinetic energies of the
incoming particles, E < 50 keV, the error of formula (2) is
even less than 0.1% up to photon energies hν = 1

2E.
The fact that (2) represents an expansion of the cross

section (1) in terms of k/kmax = εk/p2 can be clearly
seen in the non-relativistic limit p2 � 1 where the higher
negative powers of p2 cancel, resulting in
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To lowest order in p2 this formula agrees with the long-
wavelength limit of the non-relativistic cross section of
Garibyan [10]. Likewise, for extreme relativistic energies
ε � 1 formula (2) reduces to
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which is identical to the cross section of Altarelli and Buc-
cella [1], expanded up to terms of order (k/ε)2. These lim-
iting cases again verify the correctness of (1) and (2).

The total energy loss of the incident particles due to
EPB is proportional to
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Since the integrand is logarithmically divergent at k = 0,
it is expedient to split the integral into two parts,
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where dσ/dk is given by (2) in the first term and by (1) in
the second term, and k0 is a sufficiently low photon energy
that the cross section (2) is still accurate. The first integral
of (9) can be easily performed analytically.

The cross sections presented have been derived in first
Born approximation. To allow for Coulomb corrections
they have to be multiplied by the factor [9]
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Due to the small factor α ≈ 1/137 in the quantities a and
a′ the effect of the factor Fe−e+ is significant only at low
kinetic energies of the electrons and positrons, and espe-
cially near the short-wavelength limit k = kmax = p2/ε,
where a′ → ∞. Here, the uncorrected cross section van-
ishes. Since some of the coefficients ai tend to infinity for
k → kmax, it is expedient not to use the expression (1)
to perform the limit k → p2/ε. Rather one traces back
to the doubly differential cross section [9]. Multiplying
d2σ/dk dΩ by the factor Fe−e+ , setting k = p2/ε, and
integrating it over the photon angles results in the finite
cross section at the short-wavelength limit,
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For high energies, ε � 1, the leading terms of (12),
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≈ αr2

0

2ε

(
1 − e−2πa
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agree with the result of Băıer et al. [4].

3 Results

The cross section (1) is valid for all energies from the non-
relativistic regime to extremely relativistic energies. It is
most useful at low and moderately relativistic energies
since there exists no other formula of comparable accu-
racy. These energies occur in hot astrophysical plasmas.
At highly relativistic particle energies, E > 50 MeV, the
approximation derived by Băıer et al. [4] is found to be
very accurate even near the short-wavelength limit of the
spectrum, the deviations being less than 0.07%.

At high incident energies the bremsstrahlung spectrum
is rather flat up to the close vicinity of the maximum pho-
ton energy where the cross section decreases steeply to the
small value given by (12). An example is shown in Fig. 1
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Fig. 1. Spectrum of electron–positron bremsstrahlung for in-
cident particles of energy E = 100 MeV

for E = 100 MeV. It is interesting to compare the EPB
cross section with that of electron–electron (e−e−) brems-
strahlung [11]. The two processes differ in their Feynman
diagrams. Whereas the scattering graphs are the same,
the annihilation diagrams of EPB are replaced by the ex-
change diagrams of e−e− bremsstrahlung. In addition, the
electric dipole moment of the e−e− system is zero so that
its radiation is of quadrupole nature. At ultrarelativis-
tic energies there is no perceptible difference between the
spectra except for the very tip [4]. For low energies, on the
other hand, the cross section of electron–positron brems-
strahlung exceeds considerably that of electron–electron
bremsstrahlung, as is displayed in Fig. 2 for incident ener-
gies of 100 keV.

Fig. 2. Spectra of electron–positron (e−e+) and electron–
electron (e−e−) bremsstrahlung for incident particles of energy
E = 100 keV
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